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Industrial continuous processes may have a large number of process variables and 
are usually operated for extended periods at fixed operating points under closed-loop 
control, yielding process measurements that are autocowelated, cross-cowelated, and 
collinear. A statistical process monitoring (SPM) method based on multivariate statis- 
tics and system theory is introduced to monitor the variability of such processes. The 
statistical model that describes the in-control variability is based on a canonical-variate 
(Cv) state-space model that is an equivalent representation of a vector autoregressive 
moving-average time-series model. The CV state variables obtained from the state-space 
model are linear combinations of the past process measurements that explain the vari- 
ability of the future measurements the most. Because of this distinctive feature, the CV 
state variables are regarded as the principal dynamic directions A T 2  statistic based on 
the CVstate variables is used for developing an SPMprocedure. Simple examples based 
on simulated data and an experimental application based on a high-temperature short- 
time milk pasteurization process illustrate advantages of the proposed SPA4 method. 

Introduction 
The goal of statistical process monitoring (SPM) is to de- 

tect the existence and the time of occurrence of changes that 
cause a manufacturing environment to deviate from its de- 
sired operation. The methodology for detecting changes is 
based on probability theory and statistical methods that deal 
with the collection, classification, analysis and interpretation 
of data. Current SPM methods have limitations for monitor- 
ing multivariable continuous dynamic processes. A new ap- 
proach is proposed for SPM of such processes, and 
the methodology is illustrated by implementing it to various 
case studies. 

The design of an SPM procedure involves the translation 
of the desired process operating region into a region of ac- 
ceptable variation of measurements. This region is defined by 
using statistical measures that are based on process measure- 
ments. If the measurements are within the acceptable region 
of variation, the process is declared to be in-control; other- 
wise, it is declared out-of-control. Most SPM methods as- 
sume that process measurements obtained under the in-con- 
trol variation are serially independent and follow an identical 
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parametric distribution (iid), usually Gaussian (Montgomery, 
1991; Wetherill and Brown, 1991). Several researchers have 
pointed out the adverse effects of the iid assumption on SPM 
procedures when used with autocorrelated measurements 
(Montgomery and Mastrangelo, 1991; Harris and Ross, 1991; 
Negiz and Cinar, 1995). Instead, monitoring of residuals be- 
tween measurements and their predictions have been pro- 
posed. In this approach, the variables are predicted by using 
dynamic process models. Often these models are empirical 
time-series models developed from data collected when the 
process was in-control. The residuals are considered as iid if 
the time-series model captures the autocorrelation structure 
of the serially dependent process variables. Most residuals- 
based methods have focused on univariate problems, and 
therefore obtaining an accurate time-series model for one 
process variable is thought to be well developed. 

It is difficult to apply the residuals-based SPM schemes 
directly for monitoring continuous chemical processes with 
large numbers of process variables and processes controlled 
with feedback control systems. The modeling effort increases 
significantly with the number of process variables, even if only 
autoregressive (AR) time-series models are considered for 
each autocorrelated process variable. Strong autocorrelation 
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is widely encountered in processes under feedback automatic 
control. Negiz et al. (1994) applied a residuals-based multi- 
variate SPM scheme to a spray dryer that had only four proc- 
ess variables, among which two were severely autocorrelated 
due to feedback control. The residuals-based SPM schemes 
were practically insensitive to even very large level (mean) 
changes in the process variables. This observation led to the 
development of an alternative SPM scheme that monitors the 
changes in models parameters as they are updated by an 
adaptive recursive estimator. This parameter change detection 
(PCD) method performs significantly better in monitoring 
level changes of highly positively autocorrelated process vari- 
ables (Negiz and Cinar, 1994, 1995). 

Monitoring the residuals based on time-series models by 
using Shewhart or cumulative sum (CUSUM) charts and PCD 
methods are suitable when the process of interest has a small 
number of variables and moderate levels of cross-correla- 
tions. In cases where there are large numbers of process vari- 
ables, the traditional approach has been to use tools based 
on multivariate statistical analysis (At,  1985). A usual as- 
sumption in multivariate statistical analysis is that the vector 
of observations obtained at each sampling instant are inde- 
pendent observations drawn from an identical multivariate 
Gaussian distribution. Principal-component analysis (PCA) 
(Jackson and Mudholkar, 1979; Kresta et al., 1991; Raich and 
Cinar, 1996), multivariate linear-regression analysis (Hawkins, 
1991), and partial least-squares (PLS) analysis (MacGregor et 
al., 1994; Negiz and Char, 1992) are among the popular mul- 
tivariate techniques used for developing SPM tools for pro- 
cesses with large numbers of variables. Researchers have re- 
cently realized the important restrictions imposed by the iid 
assumption when time-dependent observations are moni- 
tored as if they are iid. Within the iid framework, the entire 
variability of the observation vector can be explained by esti- 
mating a zero lag covariance. Naturally the zero lag covari- 
ance matrix is not fully descriptive of the entire variation if 
the vectors of observations are serially correlated. 

Extensions of the iid multivariate SPM procedures have 
been proposed for handling serially correlated multivariate 
observations. PCA (Broomhead and King, 1986; Ku et al., 
1995; Nomikos and MacGregor, 1994, 1995a) and PLS tech- 
niques (Nomikos and MacGregor, 1995b) have been applied 
based on a covariance matrix constructed by including lagged 
values of process variables. Nomikos and MacGregor (1994, 
1995a,b) apply lagged versions of PCA and PLS techniques to 
monitor batch processes. They have built lagged PC and PLS 
models for describing the variability around an average tra- 
jectory that is obtained from combining several successful 
batch runs together and using all the data available from the 
beginning to the end of a batch rm.  Continuous processes 
provide one-at-a-time observations, which makes the prob- 
lem of statistical modeling different from the context of 
batch-process monitoring. PCA on lagged variables have been 
suggested for developing dynamic models and SPM tools for 
dynamic continuous processes (Ku et al., 1995; Kourti and 
MacGregor, 1995; Wold et al., 1984b). Ku et al. (1995) pro- 
posed a method to extract the time-series model from the 
eigenvectors of the covariance matrix that correspond to zero 
eigenvalues. However, building a lagged version of a covari- 
ance matrix in order to extract the PCs requires an extensive 
search, especially for processes with large numbers of vari- 
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ables (Broomhead and King, 1986). More importantly, the 
PCs extracted in this fashion are not guaranteed to yield ac- 
curate and minimal dynamic representations, as illustrated in 
Examples 1 and 2. 

Multivariate monitoring techniques for serially correlated 
observations have been used in applications with various de- 
grees of success. However, they do not provide a complete 
solution to the problem of statistical monitoring of continu- 
ous processes with many variables that are serially correlated 
and simultaneously cross-correlated to each other. A unified 
methodology is needed to address the issues in multivariable 
dynamic process modeling, system theory, assumption of nor- 
mal marginal distributions, and monitoring of multivariate 
processes. 

The objective of this article is to introduce a class of statis- 
tical tools that can accurately describe the in-control variabil- 
ity of continuous processes and compute a single statistic to 
monitor effectively the variability of a process. The statistical 
model of the in-control variation is in the form of a state-space 
model where statistical assumptions are consistent with ex- 
pected statistical properties of measurements from continu- 
ous processes. The model is developed such that the state 
variables are statistically independent (orthogonal) at zero lag. 
One novel feature of the proposed SPM method is the use of 
state variables for computing the monitoring statistic. Other 
important features include the option to base the SPM on a 
significant subset of state variables, and the use of lambda 
distributions to identify the marginal distributions of the 
residuals and check if they are normal. 

The marginal lambda-distribution information based on the 
one-step-ahead model residuals is used in the model-devel- 
opment stage for detecting outliers in data and correcting the 
inflated variances of the residuals due to outliers (Negiz, 
1995). Since the monitoring procedure is based solely on the 
CV state variables, the percentile information based on the 
residual lambda distribution is not used directly in the pro- 
posed SPM procedure. However, as will be discussed in de- 
tail, the residual marginal distribution information is utilized 
to provide a basis for setting the control limits on the CV 
state-space SPM procedure. 

The state-space models and the statistical characterization 
of the random components are obtained directly from proc- 
ess data collected when the process was operating in-control. 
This approach is known as stochastic realization, and it solves 
the modeling problem. The realization algorithm is suitable 
for handling a large number of variables that are autocorre- 
lated, cross-correlated, and collinear. The state-space model- 
ing paradigm is well known in the control community, facili- 
tating the appreciation of the proposed SPM methodology. It 
also provides the opportunity to utilize well-accepted fault- 
diagnosis paradigms such as parity methods. Furthermore, the 
state-variable trajectories follow different patterns for differ- 
ent faults, enabling fault diagnosis by direct pattern recogni- 
tion for a number of critical faults (Negiz, 1995). The fault 
diagnosis issue is not discussed in this article. 

Once an accurate statistical description of the in-control 
variability of a continuous process is available, the next step 
is the design and implementation of an on-line SPM proce- 
dure that includes information from all measured process 
variables. The on-line SPM procedure is implemented with a 
single statistic, the Hotelling T 2 ,  which is computed by using 
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process data and information from the state-space model of 
the in-control variation. Since the state uan’ables are statisti- 
cally independent at zero lag because of the modeling proce- 
dure utilized, they decompose the T 2  statistic as summations 
of scalars in the same way that the classic (static) PCA de- 
composes the T 2  statistic for iid observations. The use of CV 
state variables for SPM also eliminates the limitations of us- 
ing residuals for SPM (Harris and Ross, 1991; Negiz and 
Cinar, 1994, 1995). 

The organization of this article is as follows. The motiva- 
tion for the state-space model and its performance relative to 
the lagged PCA analysis are established first with simple ex- 
amples. Then, the theoretical background is introduced for 
the stochastic realization method (including the versatile 
lambda distributions) that identifies canonical variate state- 
space models in terms of vector autoregressive moving- 
average (VARMA) processes. Finally, an application of the 
proposed stochastic realization algorithm to monitor the in- 
control variability of a high-temperature short-time (HTST) 
milk-pasteurization pilot plant with six process variables is 
described. 

Motivating Examples 
Two examples are used to emphasize the limitations of PCA 

for dynamic model development and SPM of processes with 
autocorrelated data. Example 1 illustrates that an SPM 
method based on “static” PCA would be indifferent to 
changes in the dynamics of the system if the zero lag covari- 
ance structure is not affected by those changes. Example 2 
illustrates the effects of noise in data to time-series model 
development by using dynamic PCA. The systems in these 
examples are used later to illustrate the implementation of 
CV state-space methods and to compare the results. 

Consider an autocorrelated process with two 
variables y1 and y ,  described as 

Example 1. 

where integer k denotes the current time index; and el(k) 
and ~ , ( k )  are serially and jointly independent zero mean 
Gaussian random variables with variances 1 - 4’ and 0.5, re- 

spectively. The asymptotic variance of y , ( k )  is unity based on 
1 - 4’ variance for ~ , ( k ) .  The observations y , ( k )  and y , ( k )  
are autocorrelated and cross-correlated with each other, with 
the degree of autocorrelation depending on the value of the 
parameter 4. In this illustration, the values 0 and 0.95 are 
assigned to 9. For each value of 4, 1,000 pairs of y , ( k )  and 
y , (k )  observations were generated according to Eq. 1 by us- 
ing two distinct normal random-number-generating functions 
in MATLAB. 

Consider the system with 4 = 0. Process measurements are 
not autocorrelated; however, there is a positive crosscorrela- 
tion between y , ( k )  and y , ( k )  at zero lag. Under these cir- 
cumstances the observations y , ( k )  and y , ( k )  are considered 
as iid, and their principal-component structure computed 
based on the zero lag covariance matrix is shown in Figure 1. 
PCA analysis is illustrated in two-dimensional spaces. The 
circle points indicate a representative subset of individual data 
points out of 1,000 observations; the elliptic regions denote 
the 95 and 99% confidence region; and PC1 and PC2 are the 
principal components in the order of decreasing variance. 
Figure l a  indicates that the zero lag covariance between the 
two variables can be described with one PC in the direction 
of PCI. PC2 has very little variability compared to PCl. The 
lagged covariance matrices (Figure lb  and lc) does not con- 
tribute to the knowledge of the variation between the two 
variables. This is consistent with the fact that the observa- 
tions were iid by the choice of 4 = 0. The principal dimen- 
sions (denoted by PC1 and PC2) coincide with the original 
coordinates. 

Consider the system with 4=0.95. y , ( k )  and y , ( k )  are 
both autocorrelated and cross-correlated. The principal-com- 
ponent structure shows that although 4 is changed from 0 to 
0.95, the zero lag covariance structure (Figure 2a) remained 
the same as in the iid case. This implies that a SPM proce- 
dure based on the zero lag covariance would be indifferent to 
changes in the dynamics of the system as long as those changes 
do not drastically affect the zero lag covariance structure. This 
illustrates an important shortcoming of classic multivariate 
SPM tools when applied to dynamic processes. The drastic 
changes in the lagged covariance matrices (Figure 2b and 2c) 
cannot be observed from Figure 2a. 

A possible remedy to the shortcomings illustrated in Exam- 
ple 1 is to include lagged observations into the covariance 
matrix and then apply the classic PCA method (Broomhead 
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Figure 1.  Correlation and principal components loadings for the system described by Eq. 1 for = 0.0 
(a) Cross-correlation between y , ( k )  and y , ( k ) ;  (b) autocorrelation between y , ( k )  and y , ( k  - 1); ( c )  cross-correlation between y , ( k )  and 
Yl (k  - 1). 
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Figure 2. Correlation and principal components loadings for the system described by Eq. 1 for = 0.95. 
(a) C'roscorrelation between y , ( k )  and y 2 ( k ) ;  ( b )  autocorrelation between y , ( k )  and y l ( k  - 1); (c) cross-correlation between y 2 ( k )  and 
v J k  - 1 I. 

and King, 1986; Ku et al., 1995; Wold et al., 1984b). In the- 
ory, if a linear relationship(s) exists between the present ob- 
servations (at time k )  and the lagged (past) observations (at 
times k - 1, k - 2, . . . ), then the linear combination(s) (the 
linear dynamic model) can be extracted from the 
eigenvector(s1 with zero eigenvalue(s) (Ku et al., 1995). The 
eigenvectors corresponding to nonzero eigenvalues are re- 
garded as the principal dimensions of the dynamic variation. 
Consequently, the magnitudes of the eigenvalues can be used 
to decide the number of eigenvectors to be retained with sig- 
nificant variation (i.e., nonzero eigenvalues) and to extract 
the linear dynamic model. Unfortunately, process noise can 
significantly affect the eigenvectors with small eigenvalues and 
influence the model development effort, as illustrated in Ex- 
ample 2. 

A dynamic system with an exogenous input is 
used to investigate the effect of process noise levels on model 
development. Consider a two-dimensional linear dynamic 
system with an exogenous input u(k)  

Example 2. 

y , ( k ) = 0 . 1 ) 5 y l ( k - 1 ) - 0 . 3 5 y , ( k - 2 ) + O . 8 u ( k - 1 ) + ~ , ~ l ( k )  

y 2 ( k )  = 0.35~2(k  - 1) + ~ ( k  - 1) + u , E , ( ~ ) ,  (2) 

where ~ , ( k )  and e2(k)  are serially and jointly independent 
zero-mean unit variance Gaussian random variables that rep- 
resent additive process noise. Parameters al and a2 are used 
to adjust the standard deviations of q ( k )  and eZ(k) ,  respec- 
tively. The exogenous input u(k)  is independent of e l ( k )  and 
e 2 ( k )  and it is varied as a serially independent zero-mean 
unit variance Gaussian process to provide persistent excita- 
tion. Equation 2 represents a third-order dynamic system, 
since its minimal state-space representation requires three 
state variables. The system has three poles (in z-domain) in- 
side the unit circle at z = 0.4750 f 0.35271', 0.3500. 

One thousand data points were generated at five different 
process noise levels. For the case of zero process noise (i.e., 
a ,  and u2 are set to zero), the standard deviation of y , ( k )  
and y , ( k )  are 1.2 and 1.1, respectively. A percent noise-to- 
signal (%NTS) parameter is defined as the percent of a,  and 
u z  relative to the standard deviations at zero noise. Data are 
used to compute a covariance matrix of the variables, which 
include the present observations ( y l ( k )  and y,(k)) ,  and the 
past lagged outputs and inputs of order 2 [ y l ( k  - l), y z ( k  - l), 

AIChE Journal August 1997 

u(k - 11, y ,(k - 2), y2(k  - 2), u( k - 211. The modeling effort 
involves the search for the maximum lag to be included in the 
model. But since Eq. 2 is given in this example, an extensive 
search is avoided by assuming the correct maximum lag. 

The first six eigenvalues of the 8x8 covariance matrix are 
listed in the order of decreasing magnitude in the first row of 
Table 1 for 0 %NTS level. The remaining two eigenvalues 
are practically zero (2.085 X -7.4153X By us- 
ing the time-series model-development method of Ku et al. 
(199.9, Eq. 2 is extracted from the eigenvectors of the covari- 
ance matrix corresponding to zero eigenvalues. Note that al- 
though the system can be represented using three dimensions 
(minimal state-space representation of order 31, the eigenval- 
ues do not drop to zero after the first three dynamic PCA 
directions. In contrast, the canonical-variate (CV) state-space 
realization method indicates the correct number of minimal 
state variables, as discussed in detail later. The singular val- 
ues drop to zero right after the first three CV state variables 
for the zero-noise case (Table 1). As the %NTS increases, 
the magnitudes of the eigenvalues increase as well. This is 
expected, since the eigenvalues can also be interpreted as the 
variances of the PC directions. 

Table 2 gives the model coefficients obtained by using the 
two eigenvector-eigenvalue pairs with the minimum eigenval- 
ues as a function of %NTS. The level of process noise ad- 
versely affects the estimates of the model parameters. Deteri- 
oration in parameter accuracy is significantly higher for PCA 
than CV analysis. As shown later, the accuracy of model pa- 
rameters obtained from PCA at 0.05% noise level is worse 
than the CV model accuracy at 10% noise level (Table 3). 

A comparison of PLS and CV state space realization for 
constructing dynamic process models would be informative. 
Table 4 lists the percentage of variance explained in X and Y 

Table 1. Eigenvalues of Covariance Matrix or Singular 
Values of Hankel Matrix for 0% NTS 

Eigenvalues 5.068 2.396 1.892 0.1682 0.014 6.391 X lo-' 
of covariance 
matrix for DPCA 

of scaled Hankel 
matrix for CV 
state-space modeling 

Singular values 1.Ooo 1.000 1.000 0 0 0 
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Table 2. Parameters of Models Based on Dynamic PCA Methodology for Various Percent Noise to Signal (%NTS) Levels* 

%NTS Variable y , (k  - 1) y,(k - 1) d k  - 1 )  r i (k  -2) y,(k -2) d k  -2) 
0 Y A k )  0.95 0 0.8 - 0.35 0 0 
0 yz (k )  0 0.35 1 0 0 0 
0.05 Y L k )  0.9678 -0.081 0.8007 - 0.3549 0.0194 0.067 

0.5 Y l ( k )  0.8553 - 2.11 0.7957 - 0.3295 0.8012 2.1866 
0.05 y,(k) - 0.0039 0.4416 0.9996 0.0031 - 0.0328 - 0.088 

0.5 Y d k )  0.1921 2.7318 1.0081 - 0.0437 - 0.9534 - 2.534 

10 Y O )  
10 Y L k )  

5 19.9366 66.879 1.328 - 7.8583 - 32.067 -83.41 

4.4231 9.4328 0.9134 - 2.009 -4.6165 - 12.63 
5 Y,(k) - 21.0083 - 74.31 44.216 8.3054 35.722 92.979 

- 3.6331 - 10.08 0.938 1.7313 5.045 13.823 

*Entries in the second column are the variables estimated by the model; entries in all succeeding columns are the parameters of terms with regressor 
specified in the first rows, respectively. 

by each PLS component, and the cumulative variances ex- 
plained. Six PLS components which are linear combinations 
of the past information that explain the present values are 
necessary for describing all the variation in the data. Al- 
though the last few components have marginal contributions, 
they are not equal to zero. The PLS approach is doing well in 
finding a one-step-ahead prediction model, but 6 PLS com- 
ponents are needed even though the minimal order of the 
system is 3. The one-step-ahead PLS model requires more 
linear combinations of the past than needed (three) because 
the regression is performed by using only information from 
the present and the past, information in the future has not 
been included. In the CV state space modeling approach if 
the future observation window ( J  defined in Eq. 7) was set 
equal to 1, then the rank of the Hankel matrix is limited to 2. 
Therefore, it is necessary to make J > 1 for identifying the 
minimal order of the system correctly. This comparison does 
not mean that the PLS approach can not be used for identify- 
ing the minimal states as the CV analysis does. Negiz and 
Cinar (1996) show that it is possible to obtain the minimal 
states by PLS by adding a nonsingular transformation step to 
the classical PLS algorithm. 

Example 1 illustrated the shortcomings of classical iid (zero 
lag) PCA applied to autocorrelated process measurements. 
Example 2 shows that modeling and parameter estimation by 
dynamic PCA is severely affected by process noise. Further- 
more, the number of dynamic principal dimensions which 
have nonzero eigenvalues are not the minimum dimensions 
of a linear dynamic system. In the following, an alternative 
model development paradigm is proposed by using the CV 
state space identification method for constructing SPM tools 
for continuous processes with autocorrelated data. The n di- 

mensional CV state obtained by canonical correlation analy- 
sis between the future and the past observation sequences 
gives the n linear combinations of the past which are maxi- 
mally correlated to the future observations. At any given time 
the CV state variables are the minimal memory of the past 
that can describe the future of the process not just for one 
step ahead, but for the whole length of the future observa- 
tions window (denoted by J in the derivations that follow). 
Furthermore, the CV state variables are orthogonal at zero 
lag. Consequently, their n X n zero lag covariance matrix (de- 
noted as 2) is diagonal with positive (nonzero) elements and 
the state covariance matrix is nonsingular. 

Canonical Variate Stochastic Realization 
Procedure 

The first step in building the SPM system for multivariable 
continuous processes is to develop an accurate process model. 
Often, detailed models based on first principles are not avail- 
able and empirical dynamic models must be developed by us- 
ing input-output data. Several model identification methods 
which generate polynomial models such as VARMA models 
are discussed in system identification literature (Wei, 1990; 
Lutkepohl, 1991). Such models need a priori knowledge of 
model order and of observability or controllability indices to 
start up the identification effort (Ljung, 1987). Generating 
this a priuri knowledge is not trivial for high-order, multivari- 
able processes, and also numerically ill-conditioned mathe- 
matical problems can be formulated (Van Overschee and de 
Moor, 1994). Subspace algorithms offer a viable alternative 
(Larimore, 1983; Swindlehurst et al., 1995; Van Overschee 
and de Moor, 1994; Verhaegen and Dewilde, 1992). They 

Table 3. Parameters of Models Based on CV State-Space Methodology for Various Percent Noise to Signal (%NTS) Levels* 

%NTS Variable y l ( k  - 1) y2(k  -1) u(k - 1) y i ( k  -2) yz (k  -2) d k  - 2) 
0.95 0 0.8 - 0.35 0 0 

0.35 1 0 0 0 
0 Y L k )  
0 Y2(k)  0 

0.5 Y , ( k )  
0.5 Y,(k) 
5 Y , ( k )  
5 Y , (k )  

0.05 Y l ( k )  0.951 - 0.005 0.8008 - 0.3497 0.0015 0.0045 
0.0242 0.05 Y A k )  0.0042 0.3228 0.9992 0.0005 0.0048 

0.0062 0.3178 0.9974 0.004 0 0.0284 
0.9553 0.0397 0.8085 

- 0.0079 0.3219 0.9918 0.0203 -0.0106 0.0381 
10 Y d k )  0.9556 0.0421 0.8 122 
10 y , (k )  -0.0146 0.3222 0.9884 0.0276 -0.0145 0.0449 

- 0.024 

-0.0127 - 0.039 

0.9527 0.0234 0.8026 - 0.3489 - 0.0086 

- 0.3461 

- 0.3446 -0.0111 - 0.04 

*Entries in the second column are the variable estimated by the model; entries in all succeeding columns are  the parameters of terms with regressor 
specified in the first rows, respectively. 
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Table 4. Percent Variance Explained in X and Y, 
and Cumulative Variances Explained 

Cumulative Variance 
' 6 Variance Explained Explained PLS - -  - 

Comp. X Y X Y 

1 50.184 61.012 50.184 61.012 
2 20.418 37.439 70.602 98.451 
3 26.991 0.818 97.593 99.269 
4 2.271 0.491 99.864 99.760 
5 0.135 0.240 99.999 100.000 
h 0.0009 0.0001 100.000 100.000 

generate the process model by successive approximation of 
the memory or the state variables of the process by determin- 
ing successively functions of the past that have the most in- 
formation for predicting the future (Larimore, 1990). Most of 
the a-priori parametrization need in traditional system identi- 
fication methods is avoided. Only the system order is needed 
and it is determined by inspecting the dominant singular val- 
ues of a covariance matrix generated by singular value de- 
composition. Since the model-development algorithm is not 
iterative, it provides a significant computational advantage 
over VARMA modeling methods that require structure se- 
lection and use maximum-likelihood parameter estimations. 
In this work one class of suboptimal identification algo- 
rithms, called the canonical-variates analysis (CVA), is used. 
The philosophy of CVA has many common features to PCA 
and PLS, in that they use covariance and cross-covariance 
information to determine the number of variables for build- 
ing the model (Schaper et al., 1994). Classic PLS maximizes 
cross-covariance and uses a sequential procedure for select- 
ing the important latent variables (Hoskuldsson, 1988; Wold 
et al., 1984a). More recent versions of PLS use singular-value 
decomposition (SVD) to determine the appropriate number 
of latent variables (Kaspar and Ray, 1993a,b; Negiz and Char, 
1996). CVA maximizes cross-correlation and uses SVD 
(Larimore. 1990'). Canonical-correlation analysis has been 
used in the statistics community for identifying time-series 
models in the discrete-time domain. The canonical-correla- 
tion analysis performed maximizes the predictability of the 
present process output(s) from the filtered past output(s), but 
the use of future windows of outputs has not been considered 
(Box and Tiao, 1977; Tsay and Tiao, 1985). Consequently, 
this canonical-correlation approach is different from the 
canonical-variate analysis method used in our study. The 
canonical-variate analysis proposed in our study focuses on 
canonical correlations between the past process outputs and 
future process outputs. 

Stochastic realization 
Let yk E (Rp represent the values of p process outputs 

(measurement variables) at sampling instant k.  The process 
measurements are obtained under conditions when the proc- 
ess is assumed to be in-control, operating with acceptable 
levels of variation around process output targets. Under these 
circumstances, it can be assumed that the AR part of a vector 
time series is time invariant, weakly stationary (may have poles 
close to or on the unit circle), and its moving average (MA) 
part is of minimum phase (invertible). These conditions are 
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referred to as regularity conditions. Based on regularity condi- 
tions, a general state-space representation of a VARMA 
process can be given as (Aoki, 1990) 

where x k  E an is the state vector; wk = BEk is a stochastic 
input vector referred to as a state disturbance; ek is another 
stochastic input vector referred to as the measurement noise; 
A is an n X n time-invariant (constant) matrix; and the out- 
put matrix C is p x n and is also known as the observation 
matrix. Consistent with the assumptions of time-series model- 
ing (Box and Jenkins, 1976), it is assumed that E ( E k )  = 0, 
E(wk)  = 0, and 

(4) 

where E ( - )  denotes the expectation operator. Equations 4 
and 5 indicate that the random vectors w k  and Ek are serially 
uncorrelated except at the zero lag ( I  = 0) with W and A as 
their covariance matrices. The covariance of the random vec- 
tors is 

Equations 3-6 are referred to as the data-generating process 
from which process measurements yk are observed at each 
instant k. 

The Stochastic Realization Problem. Construct a state- 
space model by estimating the system matrices A ,  B ,  C, A ,  
and identify the marginal distributions of the elements of E k ,  

given a set of measurements of y k .  
Assume that the data-generating process follows the gen- 

eral state-space form given in Eqs. 3-6, and that the regular- 
ity conditions hold. Define a truncated form of the infinite 
Hankel matrix from the future (Y;) and past (Yi-,,) 
stacked measurement vectors as 

The superscripts + and - distinguish between the future 
and past stacked measurement vectors, and the superscript T 
denotes the transpose operation. Each block entry of the 
Hankel matrix describes the autocovariance structure of the 
process measurements ( y k )  at various lags. The length of the 
future and past observation windows are represented by J 
and K ,  respectively. These integers must be chosen suffi- 
ciently large ( J  > n )  so that the truncated Hankel matrix be- 
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comes a good approximation to the infinite Hankel matrix, 
which has all zero elements after a certain J and K due to 
regularity conditions. The value of K is selected based on 
univariate autoregressive model analysis for each of the vari- 
ables. K is chosen to be the maximum significant lag, after 
which the autocorrelation of autoregressive model residuals 
of all the variables becomes insignificant. In the information 
theoretic approach (Candy et al., 1979; Larimore, 1993) there 
is no penalty to the minimization criterion in terms of J or 
K .  The parametrization penalty term includes the number of 
inputs, outputs, and the order of the system (number of state 
variables n). Since the number of state variables is obtained 
from the rank of the truncated Hankel matrix, J 2 K in or- 
der to avoid a rank-restricted Hankel matrix. Otherwise, if 
the true order of the system (number of state variables) is 
greater than Jp, despite a sufficiently large K ,  the order of 
the system can be misidentified as Jp. 

Define the state z k  and the random error sequences (in- 
novation vector) ek as 

where zk is the best linear estimate of xk given the past mea- 
surements yi- l , ,  and E(yk( Y i -  ,,) is the best linear esti- 
mator of yk based on 3;- The innovation process ( z k ?  e k )  
is a realization of the dynamic system given in Eq. 3 (Ander- 
son and Moore, 1979; Aoki, 1990; Negiz, 1995). The innova- 
tion model is 

The cross-covariance matrix M between the conditional state 
zk and the measurement vector yk-1 can be expressed in 
terms of the system matrices in Eq. 9 as 

The reachability pair in this case is M and A .  Based on 
regularity conditions, the Hankel matrix can also be ex- 
pressed as (Aoki, 1990; Negiz, 1995) 

r c i  

where 0, and R, are the truncated observability and reach- 
ability matrices, and ( A ,  M )  is the reachability pair. Equa- 
tion 11 is a direct consequence of the fact that the innovation 
model is an equivalent realization of the data-generating 
model (Eqs. 3-6) provided that the regularity conditions are 
satisfied. The state-space model (Eq. 9) is minimal when both 
the truncated form of the reachability and observability ma- 
t$es ( J  and K replaced with n in Eq. ll) have rank n 
(Astrom and Wittenmark, 1990; Maciejowski, 1989). 

Combining the main result (Eq. 9) with the preceding defi- 
nitions for the Hankel matrix, the conditional state is ex- 
pressed as 

(12) 

where RK = E ( y ,  yi-rl,). The derivation of Eq. 12 is 
given in Appendix A. Equation 12 indicates that the defini- 
tion of the state vector is coordinate system dependent 
through R K .  The decomposition of the Hankel matrix into 
the observability and reachability matrices allows one to com- 
pute the state vectors through Eq. 12. The coordinate system 
is based on the type of decomposition performed on the 
Hankel matrix. Note that the innovation model is constructed 
by using only the observation sequence Yk. Several realiza- 
tion techniques, balanced realization (Aoki, 1990), PLS real- 
ization (Negiz, 1999, and the CV realization, which is de- 
scribed in the following section, are available. These are 
members of a class of identification procedures known as 
subspace algorithms (Larimore, 1990; Swindlehurst et al., 
1995; Van Overschee and de Moor, 1994; Verhaegen and 
Dewilde, 1992). 

Estimation of A, C, B, and A by canonical variates 
Canonical variate analysis was introduced by Hotelling 

(19361, and it is discussed in various texts on multivariate sta- 
tistical analysis (Johnson and Wichern, 1992). The applica- 
tion of CV to dynamic system modeling was proposed by 
Akaike (1974a,b). An analysis of the CV realization when 
there are no exogenous inputs present in the model and the 
theoretical derivations of the CV realization by a direct sub- 
stitution are given by Desai et al. (1985). Schaper et al. (1994) 
applied the CV analysis for modeling chemical processes with 
exogenous inputs, based on the works of Larimore (1983, 
1993). The least-squares solution interpretation given in this 
section is due tc  Larimore (1983). 

The CV realization requires that the covariances of the 
future and past stacked observations be conditioned against 
any singularities by taking their square roots. The Hankel 
matrix is scaled by using RK = E( 3;- Y;-'lK) and R; = 
E(Yk+ ycT). The CV decomposition of the scaled Hankel 
matrix HJK yields 

J - J  

where the pJ X n matrix U contains the n left eigenvectors of 
the decomposition; the n X n diagonal matrix I; contains the 
singular values of the decomposition; and the .kip X n matrix 
V contains the n right eigenvectors of the decomposition. The 
SVD matrices in Eq. 13 include only the singular values and 
eigenvectors corresponding to the n state variables retained 
in the model. The full singular-value matrix Z is Jp X @, 
and it contains the singular values of the decomposition in a 
descending order. If process noise is small, all singular values 
smaller than the nth singular value are effectively zero, and 
therefore the corresponding state variables are excluded from 
the model. Several methods have been proposed for selecting 
the value of n. The ratio of the specific singular value to the 
sum of all the singular values provides a popular selection 
criterion (Aoki, 1990). An information theoretic approach, 
such as the Akaike information criterion (AIC), is also used 
frequently (Candy et al., 1979; Larimore, 1993). Both the in- 
spection of the relative magnitude of singular values and the 
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AIC criteria have been used in our studies for selecting n. 
While the ad hoc nature of the former approach may cause 
some arbitrariness in order selection, both approaches have 
given similar results in our studies. 

The state vectors based on the CV decomposition are con- 
structed as 

(14) 

by substituting OK = 8 v V T ( R , ) v  in Eq. 12, based on Eqs. 
11 and 13. Once the state-vector sequence is known, a multi- 
ple least-squares solution for A and C in the form of Eq. 9 
will yield 

The prediction errors for the state and measurements are ex- 
pressed as 

By comparing to Eq. 6 the covariance of the prediction errors 
reveals that 

(17) 

It follows from Eq. 17 that A = E,, and h = G12EG1. 

on CV decomposition is 
The covariance matrix of the conditional state vector based 

which is also equal to the covariance matrix of the future and 
past canonical variates (Negiz, 1995). Since the canonical 
variates have identity covariances, the singular values in the 
diagonal matrix 8 are also referred to as the correlation co- 
efficients of the future and past canonical variates. Equation 
18 reveals that the conditional state variables in the CV real- 
ization are independent at zero lag. This property also guar- 
antees that the least-squares solution (Eq. 15) to the system 
matrices exists and that resulting estimates are stable. The 
inverse of the state covariance matrix is diagonal and is made 
numerically stable by selecting only the n state variables cor- 
responding to nonzero singular values. Furthermore, apply- 
ing CV analysis between the future and the past information 
gives the optimal predictors (Yohai and Garcia Ben, 1980). 
This property is lacking in models based on PCA. 

Lambda distributions 
Fitting marginal distributions to the elements of the mea- 

surement-error vector will identify the statistical distributions 
of the random components in the model. The marginal distri- 

butions provide accurate statistical descriptions for hypo- 
thesis-testing procedures. In systems-theory applications the 
errors are assumed to follow a multivariate Gaussian distri- 
bution. This implies that the marginal distributions are 
Gaussian (Johnson and Wichern, 1992). If the marginal dis- 
tributions of measurement errors are not Gaussian, statistical 
inference from models residuals may deteriorate. By identify- 
ing the proper marginal distributions for the random errors 
ek, the stochastic realization for a VARMA model is deter- 
mined such that accurate hypothesis-testing procedures can 
be used. 

The marginal distributions of the measurement errors are 
identified by using a family of distributions known as the 
lambda distributions first introduced by Tukey (1962). The 
lambda random variable 2 is defined through a transforma- 
tion 

"D 
(19) 

where U is a uniformly distributed random variable on [0, 11, 
and A, is the lambda parameter. A useful property of ran- 
dom variable 2 is that for a specific value of A,, its quantile 
of order u, where u is on [0, 11, is computed from Eq. 19 by 
inserting u for U (Filliben, 1969; Joiner and Rosenblatt, 
1971). A detailed analysis of the statistical properties of 
lambda distributions is also given in Negiz (1995). The ran- 
dom variable Z is distributed approximately as normal for 
A, = 0.135. For - 1 < A, < 1, Z has a unimodal distribution 
with various tail lengths that can also accommodate the t dis- 
tributions with various degrees of freedom (Filliben, 1969). 
For 1 < A, < 2, the distribution of 2 is U-shaped, while for 
A, > 2, they are peaked and truncated. For A, = 0 it is logis- 
tic, and for A, = 1 or A, = 2 it is rectangular (uniform). 

The task is to fit a lambda distribution to a set of univari- 
ate prediction errors obtained from a state-space model. The 
length of the data set is N. The expected value of the errors 
is zero if an appropriate model is used to generate the resid- 
uals. The first step is to order the residuals. The next step is 
to generate the N uniform (0,l)-order statistic medians. This 
is done by the formula given in Filliben (1975). The formula 
gives the N percentile points for which the corresponding 
quantiles are computed using Eq. 19 for a specific value of 
A,. A correlation coefficient is computed between the AD 
quantiles and the ordered residuals. This procedure is re- 
peated for various A, values that cover a reasonable range. 
The A, value that corresponds to the correlation coefficient 
closest to 1 is selected. The AD range used in this study is 
between -2 and 6. 

Application of CVto Examples I and 2 
Consider the system given in Example 1 by 

Eq. 1 with 4 = 0.95. The data used in Example 1 are used to 
identify the system given in Eq. 1. 

First, develop a state-space model by analytical derivation 
by defining the state as x k  = y , ( k ) -  q ( k ) ,  which is equiva- 
lent to xk  = ~$y, (k  - 1). Rewriting Eq. 1 in state-space form 
as 

Example 3. 
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reveals that Eq. 20 is the same as Eq. 1. The order of the 
system is 1, since one state variable is sufficient to describe 
the system. Note that the state is a function of the past [ y , ( k  

Now apply the CV state-space identification method based 
only on the observation sequence to illustrate how this ap- 
proach can identify the single minimal state and eventually 
the model. To obtain a CV state-space realization of the se- 
quence y , ( k )  and y2(k) ,  J and K have to be specified; they 
are both set at 1. The Hankel matrix becomes 2 X 2, therefore 
we shall see how the CV state space will eliminate one di- 
mension to obtain the true order of the system, which is 1. 
The 2 x 2 Hankel matrix is constructed according to Eq. 7. 
The CV decomposition is performed on the scaled Hankel 
matrix as described in Eq. 13 and the conditional state vari- 
ables are computed via Eq. 14. 

The singular values of the scaled Hankel matrix are 0.9620 
and 0.0019, which suggests that the system is effectively de- 
scribed with a single state variable. Therefore setting n = 1 
for the dimensions of the SVD in Eq. 13, the single condi- 
tional state variable is 

- 111. 

nition of the principal directions of a dynamic system. They 
are the number of linear combinations of the past informa- 
tion, which describes the future information maximally. 

Recall that the system described by Eq. 2 in 
Example 2 requires only three state variables for its minimal 
state-space representation. The dynamic PCA analysis pre- 
sented in Example 2 indicated that even at 0 %NTS, the 
eigenvalues of the PCA do not show distinctively 0 eigenval- 
ues after the third principal component. 

To apply the CV analysis let K = 2 and J = 3. This yields a 
6 x 6 Hankel matrix. Although K = 2, the size of the past in- 
formation vector is 6, since two additional terms are added 
to include the exogenous input u(k  - 1) and u(k  - 2). Only 
process outputs are used for constructing the future vector. 
The CV state-space realization as outlined here for VARMA 
processes needs some modifications when exogenous inputs 
are present. The details of the algorithm in the presence of 
the exogenous inputs is described by Larimore (1983, 1990). 
As before, S is the diagonal matrix that contains the vari- 

ances of the orthogonal state variables computed via SVD of 
the Hankel matrix. The second row of Table 1 lists the 6 
singular values of the Hankel matrix at 0 %NTS. The first 
three singular values are equal to 1, and all the remaining 
singular values are zero. The system order is identified di- 
rectly by looking at the cutoff between nonzero and zero sin- 
gular values. This cutoff still prevails as the %NTS increases, 
but the magnitudes of the last three singular values increase, 

Example 4. 

and the distinction between the third and fourth (from the 
left) singular value tends to blur. But the dynamically signifi- 
cant directions are not confounded with noise as in the case 
of PCA. The AIC is consistent with this cutoff point. For 

(21) z k  = [0.8929 0.00481 

example, at 10 %NTS the AIC values as a function of the 
number of state variables in the model are - 3213.6, - 4333.2, 
- 4372.9, - 4365.0, and - 4357.0, respectively. The minimum 
at - 4372.9 indicates three state variables. 

based on Eq. 14. The variance of the single state is also 0.9620 
because of Eq. 18. The corresponding future canonical vari- 
ate direction is 

Table 3 provides the model equations identified by the CV 
realization for n = 3. The CV model parameters obtained at 
10 %NTS are much better than the PCA model parameters 
identified at 0.05 %NTS given in Table 2. The coefficients of 

(22) [0.8870 0.00911[ ::::;I, 
which is computed by using an equation similar to Eq. 14 by 
replacing V with U and matrices related to the past with their 
future counterparts (Negiz, 1995). The conditional state and 
the corresponding future canonical variate indicate that y , (k )  
is the principal component that correlates the past and future 
observations the most. This is also evident from the structure 
of Eq. 1. The conditional state pinpoints y l ( k  - 1) as the only 
direction in the past that is maximally related to the future. 
The conditional state identified is consistent with the exact 
state-space model (Eq. 20). 

Since the state variables are known, the least-squares solu- 
tion provides the estimates for the system matrices. Using 
Eqs. 9 and 21, the time-series model is obtained by multiply- 
ing the 2 X 1 C with Eq. 21. The result is 

which is very close to the true dynamic system (Eq. 1). The 
slight discrepancies in the model parameters are mostly due 
to random noise. This example provide the basis for the defi- 

the terms that should be identified as insignificant are on the 
order of lo-' for the CV analysis at all noise levels. Table 5 
lists the poles of the system that are computed as the eigen- 
values of the CV state-transition matrix A at various noise 
levels. Note that this information cannot be extracted using 
the PCA approach. The poles are estimated very consistently 
at all noise levels. 

The CV approach with J = 1, which gives a 2 X 6 Hankel 
matrix, cannot identify the third minimal state. This informa- 
tion is only possible when J = 2 or higher; in our example we 
select J = 3, to provide the Hankel matrix a row dimensional- 
ity that is at least equal to the column dimensionality (dimen- 
sion of the past). 

Table 5. Poles of Identified CV State-Space 
Model at Various Noise Levels 

NTS % Poles of Identified CV State-Space Model 
0 0.4750 + 0.35271' 0.4750 - 0.35271 0.35 
0.05 0.4759+ 0.35121 0.4759- 0.35121' 0.3528 
0.5 0.4784+0.34711 0.4784 -0.34711' 0.3607 
5 0.4812 + 0.33891' 0.4812- 0.33891 0.3704 

10 0.4805 + 0.33661' 0.4805 - 0.33661 0.3642 
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The traditional way of model building by regressing the 
present on the past information does not have strong theoret- 
ical grounds. This example illustrates how the future infor- 
mation is essential in identifying the overall dynamics of the 
process. 

A traditional regression approach (standard linear regres- 
sion, ridge regression, PLS regression), which attempts to 
model the future outputs with a window length of J = 3 by 
regressing it on the past outputs with a window length of 
K = 2, will result in three different sets of model parameters 
in order to map the past to the three future outputs. This is 
not desirable, and furthermore does not have a theoretical 
justification since the number of linear relations to describe a 
linear dynamic system is only a function of the number of 
outputs present in the system rather than the future or past 
window lengths. 

Statistical Process Monitoring via CV State 
Variables 

The CV state-space realization provides the principal di- 
rections of variability of a linear dynamic system through the 
conditional state variables z k .  The conditional state variables 
are orthogonal vectors of the space of the past measurements 
that are highly correlated to the space of the future measure- 
ments. The CV realization is symmetric with respect to the 
past and future observations. This is consistent with the fun- 
damental symmetry property of the Markov chains (Desai et 
al., 1985). 

Assume that the autocorrelated in-control variability satis- 
fies time invariance and regularity conditions. Based on the 
CV analysis, the mean of the conditional state vector is zero 
and its covariance matrix is a constant diagonal matrix. It is 
therefore possible to define a scalar statistic T 2 ,  also known 
as the Mahalanobis distance (Johnson and Wichern, 1992), 

where subscript k indicates time. Equation 24 is obtained by 
assuming that the state variables follow a Gaussian distribu- 
tion while they are orthogonal at zero lag (Tracy et al., 1992). 
The T’ statistic is a metric that includes information for both 
level (mean) and covariance structure of the state variables. 
A change in the parameters of the in-control VARMA 
process can cause a bias on the in-control zero-mean state 
variables and/or the loss of orthogonality between the in- 
control state variables, resulting in T 2  values that are outside 
the in-control range. Therefore, monitoring the T 2  statistic 
will indicate whether a change has occurred in the overall 
in-control variability of a plant by including information from 
all process measurements. 

The F distribution is obtained by assuming that the future 
observations of the state variables to be monitored are inde- 
pendent to those obtained from the in-control data. Nomikos 
and MacGregor (1995) used a T 2  statistic for monitoring 
batch processes, where the conditional state variables are re- 
placed with scores (PLS or PCA), which are linear combina- 
tions of lagged observations. They justify the use of F distri- 
bution by arguing that the linear combination provides access 
to the central limit theorem. In this article, the F statistic will 

be used based on a justification using lambda distribution 
analysis of the random errors. If it is established that the 
random errors ek have normal distributions by fitting lambda 
distributions, since orthogonal state variables are added to a 
linear combination of approximately Gaussian measurement 
errors, they can also be considered as multivariate Gaussian. 
Under these conditions the T 2  statistic given in Eq. 24 can 
follow an F distribution where n depends on the number of 
state variables retained for the purposes of monitoring. If the 
marginal distributions of ek do not have normal distributions, 
since the state variables will again be linear combinations of 
the non-Gaussian measurement errors, it is still possible to 
argue normality of the state variables due to the central-limit 
theorem. However, a more robust and reliable way will be to 
fit a multivariate lambda distribution directly on the in- 
control state variables, but this requires some additional 
research. 

Equation 24 is written by including all n state variables in 
the T 2  statistic. As is shown later, a subset of the n state 
variables can be used in computing T 2 .  The number of condi- 
tional state variables to include in the computation of T 2  de- 
pends on the fraction of total state variability that will be 
considered in implementing process monitoring. 

Statistical Monitoring of a HTST Pasteurization 
Process 

Milk pasteurization is the process of heating every particle 
of milk product in properly designed and operated equip- 
ment, to one of the seven temperature and residence (hold- 
ing) time combinations specified in the Grade A: Pasteurized 
Milk Ordinance (U.S. Public Health Service, 1993). To main- 
tain process safety and product quality standards, the flow 
and temperature of the milk is to be controlled as tightly as 
possible around preselected target values of process vari- 
ables. The HTST milk pasteurization unit used in this study 
is located at the National Center for Food Safety and Tech- 
nology (NCFST), Summit-Argo, IL. It is a pilot-scale continu- 
ous milk pasteurizer with a product flow-rate capacity of 400 
gph. The process description is given in Appendix B and Fig- 
ure Al. Detailed instrumentation and control strategies are 
given in Negiz et a]. (1996) and Negiz (1995). 

Char  et al. (1995) introduced the prototype of the HTST 
multivariable control system where the product temperature 
and flow measurement control were incorporated into a sin- 
gle parameter known as total (or equivalent) process 
lethality. It is the product of current residence time in the 
holding tube and a lethality that is unity at 161°F (72°C). At 
161°F the regulation requires a 15s residence time, which 
corresponds to a total lethality level of “15 s.”There are sev- 
eral temperature residence time combinations that can 
achieve the 15-s total lethality level. The control system de- 
veloped uses this flexibility. 

In-control variation 
The state of the process is determined from five process 

measurements taken at 1-s intervals. The measured process 
variables are the holding tube exit temperature (product tem- 
perature), the hot water outlet temperature, the hot water 
inlet temperature, the product flow rate, and the differential 
pressure in the regenerator. The total lethality is computed 
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Figure 3. In-control variation of the HTST process. 
Measurements of (a) product temperature; (b) hot water outlet temperature; ( c )  hot water inlet temperature; (d) product flow rate; (e) 
pressure differential; and (f) total lethality. 

based on the product temperature and product flow-rate 
measurements. Since it is a critical process variable, it is in- 
cluded in the list of variables monitored. The process is per- 
turbed by the variations and disturbances normally available 
in the inputs. 

Figure 3 depicts results from an experiment where the 
product temperature has a setpoint value of 161.633"F 
(72.018"C) (this value is computed automatically by the con- 
trol algorithm based on total lethality and it cannot be 
rounded off manually to a realistic temperature reading), and 
the setpoint for the product flow rate is at 300 gal/h (1,137 
L/h). Based on the setpoints for flow rate and product tem- 
perature, the total lethality is set to 18 s ,  which provides a 
safety margin over the 15-s lethality level imposed and corre- 
sponds to 20% overprocessing. The standard deviation of 
product temperature and product flow rate around their set- 
point values are 0.17"F ( -  17.68"C) and 1.7 gal/h (6.4 L/h), 
respectively. The minimum and maximum values observed are 
161.26"F (71.81"C) and 162.04"F (72.24"C) for product tem- 
perature, and 291.0 gal/h (1,102.9 L/h) and 310.0 gal/h 
(1,174.9 L/h) for product flow rate, respectively. Although 
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the variation of the process variables around their targets are 
acceptable as far as public safety is concerned, the variation 
is not totally random. Figure 4 supports this claim statisti- 
cally, where the autocorrelations of the observations given in 
Figure 3 are shown at various lags. The solid and dashed 
lines around the zero autocorrelation are the 95 and 99% 
statistical thresholds of the null hypothesis that the observa- 
tions are uncorrelated (iid). The main disturbances affecting 
the temperatures are at low frequencies, while the distur- 
bances affecting the flow rate show a wider range of frequen- 
cies. The low frequency disturbance acting on the tempera- 
tures was due to a worn-out regulator in the steam line, which 
reduces the steam-line pressure from 200 psig (1.4 MPa) to 
40 psig (413 kPa). This persistent disturbance generates con- 
trol moves from the feedback controller. As a result of feed- 
back control actions, the temperatures are varying in a highly 
positively autocorrelated manner around their setpoints (Fig- 
ures 3 and 4). The large surges in product flow rate are due 
to the frequency changes in the electricity line, which might 
have been avoided with a buffer. 

It is desired to keep the process within this variability re- 
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Figure 4. Autocorrelation coefficients of the in-control variation. 
Measurements of (a) product temperature; (b) hot water outlet temperature; (c) hot water inlet temperature; (d) product flow rate; (e) 
pressure differential; and (f) total lethality. 

gion. SPM will provide early warnings in case the process 
drifts away from its acceptable region of variability. To de- 
velop an effective SPM procedure, the structure of the 
allowed variability has to be statistically modeled. Due to 
autocorrelations, and possible cross-correlations, this task 
requires a dynamic model that can describe the behavior 
in such a way that the unexplained part of the variation is 
random noise. The statistical characterization of the in- 
control process variability is performed with CV stochastic 
realization. First a CV state-space model is extracted from 
the data, which yields residuals with insignificant auto- and 
cross-correlations. Then the marginal distributions of these 
residuals are characterized by using the lambda family of 
distributions. 

There are six process measurements ( p  = 6), and the length 
of the calibration data is N = 798. Preliminary modeling ac- 
tivity for building autoregressive models for each variable in- 
dicates that 20 is the maximum significant lag, after which 
autocorrelations become insignificant for all the process vari- 
ables. A robustness margin is added, and the past ( K )  and 
the future ( J )  window lengths for the CV state-space model 
are set at 24 and 30, respectively. 
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The Hankel matrix is constructed by computing the covari- 
ance between the 180 x 1 future stacked vector and the 144 x 1 
past stacked vector according to Eq. 7. The CV decomposi- 
tion is performed according to the scaled Hankel matrix (Eq. 
13). Figure 5a shows the singular values of the Hankel matrix 
obtained from Eq. 7. These values tend to zero exponentially. 
The 20 singular values that are retained for the state-space 
model are shown in circles. After the first 20, the remaining 
singular values are essentially zero and they are not included 
in the model. Figure 5b shows the singular values of the nor- 
malized Hankel matrix (obtained by Eq. 131, which are the 
elements of the diagonal covariance matrix of the conditional 
state variables (Eq. 18). They also represent the ‘correlation 
coefficients between the 20 pairs of future and past canonical 
variates. Figure 5b shows that the canonical correlations get 
smaller until a plateau is reached around the tenth state, and 
from that point on the canonical correlations fall off slowly. 
This is typical of sample canonical correlations of real sys- 
tems that can have an infinite order. Twenty state variables 
were selected to retain in the model in order to generate the 
residuals and identify their distributions. We wanted to make 
sure that all dynamic information is retained for generating 
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Figure 5. Singular values for the canonical variate 
model: (a) Hankel matrix; (b) normalized Han- 
kel matrix. 

the residuals and assessing the performance of the model. 
However, as discussed in the “Constructing the T 2  Chart” 
subsection, only the first 4 state variables out of the 20 are 
used to monitor the dynamic variation of the entire process. 

The AIC criterion suggested a 10-state model. Indeed, the 
first 11 singular values and correlation coefficients in Figure 
5 are larger than the next nine that are clustered together. 
Hence, one could have constructed a 10- or 11-variable 
state-space model. Due to the orthogonality properties (with 
respect to the zero lag covariance) of the state variables ob- 
tained through the CV realization, reduced-order models are 
easily derived from large-order models by just eliminating 
rows and columns of the system matrices that belong to the 
undesired state variables (Desai et al., 1985). For fault diag- 
nosis, the 20 state-variable model may be preferred since it 
describes the details in process behavior more accurately. Of- 
ten these details play an important role in discriminating 
variation. A 20 state-variable model was used first for analyz- 
ing the predictive capability of the model by analyzing the 
residuals. As illustrated below the first four variables carry 
enough information to monitor the process. Consequently, T 2  

0 20 40 0 20 4 0  0 20 40 
Lags Lags Lags 

0 20 40 0 20 40 0 20 40 
Lags Lags Lags 

Figure 6. Residual autocorrelation coefficients based on the 20 state-variable model for the in-control variation. 
(a) Product temperature; fb) hot water outlet temperature; (c) hot water inlet temperature, (d) product flow rate. (e) pressure differential, 
and (f) total lethality 
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Figure 7. Residual cross-correlation structure based on the 20 state-variable model for the in-control variation. 
Residuals include: (1) product temperature; (2) hot water outlet temperature; (3) hot water inlet temperature; (4) product flow rate; (5) 
precsure differential; and ( 6 )  total lethality. 

HTST pasteurization system are based on the first four state 
variables. 

Once the state variables are obtained by CV decomposi- 
tion and Eq. 14, the least squares solution provides the sys- 
tem matrices A ,  C, B. The 20 eigenvalues of the transition 
matrix are all within the unit circle (z-domain); therefore, the 
model is stable and the statistical properties of the model are 
considered to be stationary. The small-amplitude oscillations 
in temperature measurements around their target values 
(Figure 3) are due to a complex pair of eigenvalues close to 
the unit circle (0.9897 f 0.03561'). This may be attributed to 
feedback-control action. 

The one-step-ahead innovations (residuals) are computed 
by 

which must be serially uncorrelated except at the zero lag 
according to the innovation model. Indeed, all autocorrela- 
tion coefficients of the residuals are within the region where 
the variation is described as random (serially independent) 
(Figure 6). The systematic autocorrelation structure of the 

original measurements depicted is described by the CV 
state-space model. Figure 7 shows the cross-correlations be- 
tween the six elements of the residual vector. The variables 
are ordered from one to six as the product temperature, hot 
water inlet and outlet temperatures, flow rate, differential 
pressure, and total lethality. Contrary to autocorrelations, the 
cross-correlations are not symmetric across the zero lag. 
Therefore it is important to identify which residual element 
is leading or lagging behind in the computations. For exam- 
ple, the crossplot at the upper-left comer of Figure 7 denotes 
the cross-correlation coefficients of the first residual element 
(product temperature residual) with respect to the leading 
values of the second residual element (hot water inlet tem- 
perature). Similarly, the crossplot located at the second row 
of the first column shows the cross-correlations between the 
same residual elements where product temperature residuals 
are leading hot water inlet temperature residuals. All resid- 
ual cross-correlation plots of Figure 7 indicate that the resid- 
uals have no serial cross-correlation except at the zero lag, 
which satisfies the requirement of the innovation model. The 
zero lag structure of the residual autocorrelations can be ex- 
trnacted from the estimate of the residual covariance matrix 
(A) according to Eq. 17. 

AIChE Journal August 1997 Vol. 43, No. 8 2015 



1 Outliers Removed 

0 1 2 3 4 5 6 
-.. 

-2 -1 
AD 

Dislribulion of Ihe Flow Residuals 
I 

I 

. -- 8ol Solid Line -0.05 = A; 

....._ Normal Dislribulion n B !  
60 

40 

20 

n 
-2 -1 0 1 2 3 

Probability Plot Correlation Coenicienl 

I 

o.g,l ,̂D,; 
0.96 

0.941 

0.92 

-2 -1 0 1 2 3 4 5 6 

Dislribulion 01 the Product Temp. Residuals 

V.0 

AD 

V" 

njo1=743 { 
A -  

I ,... Normal Distribution ' 

I 0.1463 

v - ~  ~ 

-02  -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 

Figure 8. Fitting lambda distribution to flow rate and 
product temperature residuals. 
Flow-rate residuals: (a) correlation coefficient vs. A,; (b) 
histograms. Product temperature residuals: (c) correlation 
coefficient vs. A,; (d) histograms. Residuals (bars), lambda 
random variates (solid line); Gaussian random variates 
(dotted line). The outliers are excluded. 

Fitting lambda distributions to residuals 
Figure 8a shows the correlation coefficients as a function 

of the A, parameter for the flow residuals. The coefficient is 
computed by excluding eight flow-rate residuals that are de- 
clared as outliers from a previous A, distribution that in- 
cluded all of the flow residuals (Negiz, 1995). For A, = - 0.05, 
the correlation coefficient is closest to unity. This suggests 
that the lambda distribution with its parameter set at A, = 
- 0.05 is a fit. 

Figure 8b assesses this proposition by depicting several his- 
tograms. The histogram shown with the bars is the distribu- 
tion of the 735 residual data set. The standard deviation of 
the residuals is 0.6625. The histogram with the dotted line is 
the histogram of the 735 randomly generated data points that 
follow a Gaussian distribution with the same variance as the 
residuals. The histogram with the solid line is the histogram 
of the 735 randomly generated data points that follow a A, 
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= - 0.05 distribution with the same variance as the residuals. 
The dash-dotted vertical line shows the 95th, and the dashed 
vertical line shows the 99th percentile point of the lambda 
distribution with A, = -0.05. The 99% point (k2.7547) is 
larger than the normal percentile point that is approximately 
- + 1.9875. 

Figures 8c and 8d depict the lambda distribution fits for 
the product temperature. The 99% point is almost at the three 
standard deviations away (3 X 0.0501 = 0.1463) from zero, in- 
dicating a Gaussian approximation. For product tempera- 
ture, hot water inlet and outlet temperatures, and differential 
pressure residuals no data points were declared as outlier, 
since there were no specific source causes that are as plausi- 
ble as in the case of the flow-rate residuals. The temperature 
and pressure residuals have lambda distributions that are very 
close to normal. For hot water inlet and outlet temperature 
residuals the parameters are 0.20 and 0.17, respectively. For 
pressure differential residuals A, is 0.12 and the residuals 
can be assumed to have normal distribution, since A, = 0.135 
is normal. 

Since the total lethality value is derived from the flow-rate 
measurement, the outliers for the flow-rate residuals were 
also taken out from the total lethality residuals. The lambda 
parameter for lethality residuals is found to be 0.030 and the 
99% point is almost at three standard deviation units away 
from zero, indicating approximately a Gaussian distribution. 

Constructing the T z  chart 
Measurement errors can be assumed to follow approxi- 

mately a multivariate Gaussian distribution, since their 
marginals are approximately normal with the exception of 
product flow-rate residuals distribution. Since the orthogonal 
state variables are added to a linear combination of approxi- 
mately Gaussian measurement errors, they can also be con- 
sidered as multivariate Gaussian. Hence, the T 2  statistic given 
in Eq. 24 follows an F distribution, where n is the number of 
state variables retained for monitoring. 

Figure 9a depicts the ratio of the sums of standard devia- 
tions of one-step-ahead CV state-space model predictions to 
those of the present outputs. The ratio is computed as a 
function of the state-space model order It. Figure 9b shows 
the cumulative ratio of the singular values as a function of 
model order. For the 20 CV state-space model 92% of the 
variation in the present outputs is explained (Figure 9a) by 
using 95% of the state-space variation (Figure 9b). The resid- 
ual autocorrelation and cross-correlation plots indicate that 
the remaining 8% of the variance is random. The first four of 
the CV state variables explain almost 90% of the variation in 
the present outputs (Figure 9a) by using 70% of the overall 
state variability (shown by the dotted vertical line in Figure 
9b). Hence, constructing a T 2  chart that includes only the 
first four state variables is considered as sufficient to deter- 
mine if process variation is in-control, and the first four state 
variables are used to compute the T 2  statistic in this study. 

Monitoring of the HTST pasteurization with a T 2  statistic 
The T 2  statistic based on the first four state variables is 

computed by using Eq. 24 with n = 4. Figure 10a depicts the 
flow measurements of the calibration data. Figure 10b shows 
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Figure 11. Monitoring of HTST pasteurization plant with 
T 2  statistic. Figure 9. Variability of the CV state variables. 
(a) A change in setpoint of product temperature; (b) re- 
sponse of T* statistic. 

(a) Ratio of sum of standard deviations of one-step ahead 
predictions to present outputs; (b) cumulative ratio of the 
singular values vs. number of state variables. 

the T 2  statistics computed based on Eq. 24 with 95% 
(dashed-dotted line) and 99% (dashed line) confidence 
thresholds. Since K = 24, the computation of the values for 
the conditional state variables starts at k = 25. The T 2  statis- 
tics signals out-of-control situations synchronously with the 
flow disturbances. The two-state version of the T 2  statistic 
was also used to verify the outliers for the flow residuals 
(Negiz, 1995). If the T 2  statistic at times k are considered to 
be independent of the T 2  statistic at times k - 1, then the 
average run length (ARL) of the T 2  chart will be 100, based 
on a geometric distribution. However, this assumption is not 
true in this case. where the T 2  statistic is constructed from 
conditional state variables that are autocorrelated. The T 2  
statistic is used in order to detect a significant change either 
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Figure 10. In-control performance of the 4-state T 2  
chart for monitoring the HTST pasteurization 
process: (a) flow measurements; (b) T 2  
chart. 

in the zero lag state covariance matrix or in the levels of the 
state variables. Figure 10b shows that the ARL between the 
flow disturbances is around 300, which is higher than the iid 
case (100). 

Figure 11 shows the response of the T 2  statistic to a set- 
point change in the product temperature (Figure l l a )  while 
keeping the flow-rate setpoint at 300 gal/h (2.1 myh). The 
setpoint change for the product temperature was conducted 
such that the process is returned to the in-control operating 
region after it is disturbed (Figure lla). The T 2  statistic goes 
out of control before the product temperature starts to in- 
crease. Since the T 2  statistic covers the variability of a 
process by utilizing all of the process measurements, even if 
one process variable has a delay in its response to a distur- 
bance or a change, the T 2  statistic (Figure l lb )  still becomes 
sensitive to the change through the responses of the remain- 
ing process variables. In this case, the delay in the response 
of product temperature is due to the effect of the holding 
tube, but the hot water outlet temperature responds faster to 
the setpoint change because of the cascade controller. This 
illustrates one of the advantages of using multivariate statisti- 
cal process monitoring techniques as opposed to univariate 
SPM techniques. Near 240 s, T 2  returns to its in-control re- 
gion, as the product temperature setpoint is changed back to 
its average in-control value at 161.63"F (72.02"C). 

Figure 12 depicts another case where the valve that regu- 
lates the flow rate of water circulating inside the heater is 
opened slightly to stimulate an increased heat. load to the 
system. Figure 12a shows the response of the total lethality to 
the disturbance while the in-control set point is at 18 s. The 
T 2  statistic reflects this variability with a small time delay 
(Figure 12b). The time delay should be expected since the 
conditional state at time k is computed by using the past 
measurements up to time k - 1, as part of the computation of 
the one-step-ahead predictions at time k. 

Figure 13 shows a case where the setpoint for the flow rate 
was deliberately changed by a step change from the in-con- 
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Figure 12. Monitoring the HTST pasteurization plant 
with T 2  statistic. 
(a) Response of total lethality to a heating disturbance; (b) 
response of T ‘. 

trol flow rate setpoint, which is 300 gal/h (2.1 m3/h). Figure 
13a depicts the setpoint trajectories (dashed line), and the 
corresponding flow-rate measurement (solid line). Figure 13b 
shows the response of the T 2  statistic, starting from the 25th 
time interval due to initialization based on K = 24. The T 2  
statistic shows good sensitivity in detecting changes even for 
the cases when the imposed setpoint change is short-lived. 

Conclusions 
Experience with experimental data indicates that measure- 

ments of dynamic processes do violate conditions of statisti- 
cal independence. An SPM method is proposed to integrate 
canonical-variate state-space realization, determination of the 
marginal distributions of residuals, and monitoring the T 2  of 
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Figure 13. Monitoring the HTST pasteurization plant 
with T 2  statistic. 
(a) Response of product flow rate to setpoint variations in 
flow rate; (b) response of T’. 
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canonical-variate state-space variables. The CV state-space 
realization provides a powerful dynamic model development 
environment for processes that have a large number of proc- 
ess variables yielding highly autocorrelated and cross-corre- 
lated measurements. The statistical properties of the CV state 
variables provide the principal dimensions that can be lumped 
into a scalar statistic, the T’, which provides the single vari- 
able to monitor the variability of an entire process. 
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Appendix A: Derivation of Eq. 12 
Use Eqs. 7 and 10 to obtain Eq. 11 as 

(Al) 

The projection theorem (ktrom, 1970), or equivalently the 
multiple least-squares linear regression (Johnson and Wich- 
ern, 1992) gives 

Based on the projection theorem Eq. A2 and the defini- 
tions of the covariances of the future and the past R; = 

Use repeated substitutions to Eq. 3 to arrive at 
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Figure A l .  HTST pasteurization process. 

Equation A4 can also be expressed by using the finite-dimen- 
sional observability matrix and defining 6 and &k+ accord- 
ingly as 

Taking the conditional expectation of Eq. A5 with respect to 
?j;-.l,, and noting that E(&k+I?j;-lK)=O, 

Equation 12 is obtained by comparing Eqs. A3 and A6. 

Appendix B: High-Temperature Short-Time 
Pasteurization Process 

The HTST pasteurization system consists of a balance tank, 
a regeneration unit, a booster pump, a timing pump, a heat- 
ing unit, a holding tube, and a flow-diversion device (Figure 
Al). Unpasteurized (raw) milk is transferred from the bal- 
ance tank to the regeneration unit with the help of the booster 
pump. The regeneration unit consists of a plate heat ex- 
changer in which the raw milk product passes on one side 
and the hot pasteurized product coming from the holding tube 
passes on the other. In this way, the raw milk is initially heated 
by recovering some of the heat that is available from the pas- 
teurized product. From the regenerator, the raw milk is sent 
to the heating unit through a timing pump that assures the 
fixed flow rate required by the pasteurized milk ordinance. 
The heating unit, which is another plate heat exchanger, has 
raw milk passed through on one side and hot water on the 
other. As the milk passes through this unit, its temperature is 
raised well above the required pasteurization temperature. 
The heated milk then goes through a holding tube where it is 
held for a specific length of time according to the milk ordi- 
nance. The holding time is a function of the flow rate and the 
length of the holding tube. A flow-diversion device is located 
at the end of the holding tube. If the temperature of the 
heated milk exiting the holding tube is lower than the tem- 
perature according to the legal pasteurization temperature, 
the flow diversion-device directs the milk back to the balance 
tank for reprocessing. 

If the milk temperature at the exit of the holding tube is 
above the legal limit, then it is deemed to have been properly 
pasteurized. The hot milk product travels through the heat- 
regeneration unit where it is partially cooled by raw milk 
flowing on the other side. The partially cooled pasteurized 
milk may then be sent for further cooling and/or storage. 
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